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Notes on the function gsw_CT_second_derivatives(SA,pt)

This function, gsw_CT_second_derivatives(SA,pt), evaluates the second derivatives of
@(SA,H), namely

®5A5A’ 0, and ®SA9 . (1)
These second derivatives are found by mathematically differentiating Eqns. (A.12.3) of the
TEOS-10 Manual, repeated here,

Oy, = ¢, (34,0,0)/c5, ® L:[y(SA,H,O>—(TO+6’ (54.0.0)]/c0.  (A123)

Sa

The outputs @ and ® of this function, gsw_CT_second_derivatives(SA,pt),

remain well behaved as the 1r1put Absolute Salinity approaches Zero including at

=0gkg™, but the output @ has a singularity at =0gkg™, and a nan is
returned at S A=0gkg™ K
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Here follows appendix A.12 of the TEOS-10 Manual (IOC et al., 2010).

A.12 Differential relationships between 7, 8, ® and S,

Evaluating the fundamental thermodynamic relation in the forms (A.11.6) and (A.11.12)
and using the four boxed equations in appendix A.11, we find the relations

(To+t)dn+u(p)dS, = ((TT :;)) ¢, (0)d@ + [ u(p) — (To+t) sy (0) ]dSH
(A.12.1)
(To +t) (T0+t)

= (7, +0) C%d@ + I:,u(p) - (TOJFH)#(O)}dSA.

The quantity x(p)dS, is now subtracted from each of these three expressions and the
whole equation is then multiplied by (T,+6)/(T,+t) obtaining

(To+60)dn = c,(0)d6 — (To+6) 1 (0) dS, = 3d® —(0) dS, . (A12.2)

From this follows all the following partial derivatives between 7, 8, ® and S,,

O4ls, = €5 (Sa-0,0)/ch, Os, |, =[1(500.0)~ (To+0) 1y (Sp,0,0)]/c3,  (A123)
@,7|SA = (To+6)/ct, O, L}: #(Sp,6,0)/c8, (A.12.4)
O, = (To+0)/cy (S2,0.0), 05, = (To+0) ar (S0,0.0)/c, (S.0.0), (A125)

Ools, = €5 /5 (Sa.0.0), esA\gz—[y(sA,a,o)—(T0+9)yT(sA,e,o)]/cp(sA,e,o), (A.12.6)
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Tols, = Cp (Sa:0.0)/(To+0), 715, | = —41r (Sa.0.0), (A12.7)

Mols, = €3 /(To+0), s, ‘@ = —4(S4.0,0)/(Ty+6). (A.12.8)

The three second order derivatives of ﬁ(SA,@) are listed in Eqns. (P.14) and (P.15) of
appendix P. The corresponding derivatives of 6(S,,®), namely 6y, 6s,, 0pe, 65,0 and
6s,s, canalso be derived using Eqn. (P.13), obtaining

. . 0) . o) . o) 0. 6
b=, B = n, B = G = Ba TS ® (A 1Doabed)
® A ® ~ \3 Sp0 ~ \2 ~ \3
9 : () Y
. 6,. 6, 6, (6,6
and g  =-—LA 42 A A | A 00, (A.12.10)
ASA 0 0, e, 6,

in terms of the partial derivatives , e N O €] 05, and @)SASA which can be obtained
by differentiating the polynomial (:)(S A,H; from the TEOS-10 Gibbs function.



